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For a graph G, let a(G) denote the size of the largest independent set in G, and let 9(G)
denote the Lovész ¥-function on G. We prove that for some ¢ >0, there exists an infinite family
of graphs such that ¥(G) > a(G)n/2¢VI°8™ where n denotes the number of vertices in a graph.
This disproves a known conjecture regarding the ¥ function.

As part of our proof, we analyse the behavior of the chromatic number in graphs under a
randomized version of graph products. This analysis extends earlier work of Linial and Vazirani,
and of Berman and Schnitger, and may be of independent interest.

1. Introduction

Lovész [21] introduced the ¥ function in order to study the so called “Shannon
Capacity” of graphs. For every graph G, the 9 function enjoys the following
sandwich property:

a(G) <¥G) < %(G)

where a(G) is the size of the largest independent set in G, and ¥(G) is the clique
cover number of G (Y(G)=x(G), the chromatic number of the complement of G).
This sandwich property shows that ¥(G) = a(G) for perfect graphs, and suggests
that perhaps the ¥ function provides a good estimation of a(G) for general graphs.
This would be desirable, since the ¥ function can be approximated with arbitrary
precision in polynomial time [14], whereas computing o(G) is NP-hard. However,
Lovész showed that for random graphs on n vertices, the gap between «(G) and
¥(QG) is large — in the order of v/n/logn.
The following conjecture is attributed to Lovész (see [18]):

Conjecture 1.1. There exists some constant c, such that for any graph G, ¥(G) <

ca(G)/n.
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Observe that if the conjecture were true, there would be a polynomial time
algorithm that estimates a(G) within a factor of O(y/n). Though this ratio of
approximation seems very poor, it is still considerably better than the best ratio
of approximation known to be achievable in polynomial time, which currently is
O(n/log?n) [8]. Moreover, in a sequence of papers [9, 3, 2| it was established that
there is some € >0 such that it is NP-hard to approximate a(G) within a ratio of nt.
Subsequent works established hardness results for approximating «(G) with ratios

close to nl/3 [4]. The question of iwhether there is some € such that a polynomial

time algorithm approximates a(G) within nl =€ is open 1. The conjecture suggested
an affirmative answer to this open question.

Until recently, there were virtually no techniques for establishing upper bounds
on the ratio ¥(G)/a(G) for general graphs, or on the ratio ¥(G)/9(G). The work
of Goemans and Williamson [13] on MAX CUT and MAX 2SAT changed this situ-
ation, by introducing the vector rounding techhique for semidefinite programming
{computing the ¥ function is a semidefinite programming task). Karger, Motwani
and Sudan [17] extended this technique, and considered the relation between x(G)
and a solution to a semidefinite program that is equivalent to 9(G). They showed

how to color 3-colorable graphs in polynomial time with O(nl/ 4) colors, which is
an improvement over the previous best results [25, 7). More generally, their results
imply that %(G) <n!=¢/%G)  for some constant ¢> 0. They also obtained negative
results concerning the ¢ function, constructing examples that show that for some
€>0, there are graphs with 3(G)=n® and ¥(G) <3. Alon and Kahale [1] extended
the work of {17], and showed how to use the ¥ function in order to obtain a quanti-
tative improvement over [8]’s algorithm for finding large independent sets in graphs
that have lifiear size independent sets.

" A somewhat different direction was taken by Szegedy [24] who showed that the
following two conjectures are equivalent:

1. For some ¢>0 and every graph G, 9(G) <a(G)nl~¢.

2. For some e>0 and every graph G, x(G) <9(G)n'~¢.
In this paper we disprove the above two conjectures, and as a corollary we also
disprove Conjecture 1.1.

4

Theorem 1.2. For some constant ¢ > 0 and an infinite family of graphs, x(G) >

pl=e/1089(G) particular, there exists an infinite family of graphs for which

9(G) <2VI°8™ and 3(GQ)>n/2¢v18n,
Likewise, for some constant ¢ > 0 and an infinite family of graphs, 9(G) >
pl—e/loge(G) particular, there exists an infinite family of graphs for which

a(@Q) <2V108™ and ¥(@)>n/2cVogn,

1 See recent developments in Section 4.
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We prove our theorem by giving a non-explicit (randomized) construction of
the bad family of graphs. Our construction was inspired by the “randomized graph
products” technique of Berman and Schuitger (5], and in particular, by Blum’s use
of randomized graph products in order to show that if a(G) can be approximated in

polynomial time within a factor of nl~¢, then this leads to a randomized polynomial
time algorithm that colors three colorable graphs with O(logn) colors [6].

In Section 2 we present the technique of randomized graph products, and show
how it affects the chromatic number of graphs. In Section 3 we define the ¥ function,
present some of its known properties, and prove Theorem 1.2. In Section 4 we
discuss other potential applications of randomized graph products. These include
gap amplification for NP-hardness results for approximating chromatic numbers,
and explicit construction of Ramsey graphs.

2. Randomized graph products and the chromatic number

In this section, we develop a general theory for the relation between randomized
graph products and the chromatic number. Graph products come in many variants,
and we concentrate here on the variant that seems most appropriate in the context
of the chromatic number.

2.1. Background and definitions

Recall that for any graph G, its chromatic number x{G) is the minimum
number of colors that suffice in order to color the vertices of G, where adjacent
vertices must receive different colors. Linial and Vazirani [19] analysed the behavior
of the chromatic number under graph products.

Definition 2.1. For a graph G, V(G) denotes its vertex set and E(G) denotes
its edge set. The inclusive graph product G x H is the graph with vertex set
V(Gx H)=V(G)x V(H), and edge set ([z,y],[z’,¥']) € E(G x H) iff (z,2") € BE(G)
or (y,v') € E(H). The k-fold inclusive graph product of a graph G with itself is
denoted by G*.

Proposition 2.2. For any graphs G and H, oG x H)=a(G) - a(H).

Proof. Consider any independent sets in G and H. Then their direct product
is an independent set in G x H. Conversely, consider any independent set C in
G x H. Consider the set of vertices Vg CV/(G) such that ve Vo iff Jue H such
that (v,u) € C. Then by the fact that C' is an independent set in G x H and the
definition of graph products, it follows that VG[C’ is an independent set in G. A
similar argument applies to Vhio
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It follows that every maximal independent set in G x H is the direct product
of maximal independent sets in G and H, and that any maximum independent set
in G x H is the direct product of maximum independent sets in G and H. 1

Linial and Vazirani [19] show:

Theorem 2.3. For any two graphs on n vertices

&%@ < x(G x H) < X(G) - x(H)

The upper bound on x(G x H) in the above theorem is trivial (the direct
product of the minimum coloring of G and the minimum coloring of H gives a
coloring of G X H). Linial and Vazirani presented a combinatorial proof for the
lower bound. However, it is more convenient to study graph products within the
framework of the fractional chromatic number, as is done implicitly in [20]. We
survey this approach.

Observe that the chromatic number of a graph G is the minimum number of
independent sets that cover each vertex of G. Hence it is the solution of an integer
program with exponentially many variables. Each maximal independent set S; of
G is associated with a variable y;.

Minimize Y y; subject to:

y; €{0,1}, for each ;.

Y fijves;} ¥i =1, for each vertex veV(G).
We can relax the above to a linear program as follows:
Minimize }_y; subject to:

y; >0, for each y;.

E{iivESi} y; > 1, for each vertex ve V(G).

Hence each maximal independent set is assigned a nonnegative weight such that
each vertex is “covered” by weights that sum up to at least 1.

Definition 2.4. The fractional chromatic number of graph G, denoted by x (@), is
the minimum value of the above (relaxed) linear program.

Lovész [20] has shown:

Lemma 2.5. For any graph G on n vertices, x(G)/(1+In(a(G)) <x(G) < x(G).

To understand the behavior of the fractional chromatic number under graph
products, it is convenient to consider the dual to the linear program that defines
the fractional chromatic number. We associate a variable z; with each vertex v;.
Maximize Ez 2;, subject to:

z; >0, for each ;.

Z{“U—;Es_j}mi <1, for each maximal independent set S;.
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Definition 2.6. The fractional matching number of graph G, denoted by 7(G), is
the maximum value of the above linear program.

Proposition 2.7. For any graph G, x(G)=14(G).

Proof. By duality theory for linear programming. [}
Lemma 2.8. For any graphs G and H, x (G x H)=x7(G)-x¢(H).

Proof. By taking direct products of the optimum solutions to the defining linear
programs, we have that x s (Gx H) <x¢(G)-xs(H), and 74 (Gx H) > 7¢(G)-77(H).

This follows from the fact that every maximal independent set in Gx H is the direct
product of maximal independent sets in G and H (see proof of Proposition 2.2). |}

Lemma 2.8 together with Lemma 2.5 imply a lower bound similar (though not
identical) to the one in Theorem 2.3. We have the following corollary.

Corollary 2.9. For any graph G, (x(G))*/(In(a(G)) + 1)k <x(G*) < (x(@))*.

2.2. The sampling problem

A randomized graph product is obtained by taking a random subset of the
vertices of a product graph, and considering the vertex induced subgraph that
results. We are interested in the following problem.

Problem 2.10. Given a graph G on n vertices and an integer k, construct a graph
G ; with the following properties:

1. G’k is a vertex induced subgraph of G*.

2. Xf(G’“)/2<(V(ék)l<ZXf(Gk)-

3. a(Gh) < ln(kn) Hence Xf(Gk)>‘V(Gk)l—)(r—)

Theorem 2.11. For large enough n, for every graph G on n vertices and for any
positive integer k, graphs G"k as described in Problem 2.10 exist.

Proof. By a probabilistic argument. From the definition of 7;(G), the dual of
Xf(G), it follows that there are non-negative values z; that can be assigned to the
vertices v; of G¥, such that dap= Xf(Gk), and on any maximal independent set
S; of Gk, (ilvies; 3% S 1. Construct G by performing the following random
sampling procedure. For each vertex v; € G¥, select it with probability z;, indepen-
dently of other vertices. Let (@ denote the vertex induced subgraph that is obtained

by such a process. (G’ is a random variable.) We show that with high probability,
G has all the properties specified in Problem 2.10.
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The first property holds, as by construction, G is a vertex induced subgraph
of G*. To see that the second property holds, observe that the expected number
of vertices in G is exactly x [ (Gk) The probability that the number of vertices in

G deviates from its expectation by a factor of more than two is small, and can be
ignored, {Observe: this last probability is highest when x f(Gk) is small. But even
if G is an independent set and x f(Gk) =1, still there is constant probability that
1/2< |V (@) <2, regardless of the value of n.) To see that the third property holds,
consider any maximal independent set S; € G*. We bound the probability that
mere than t of its vertices end up in G. By the constraint 3 (ilvses;3 T S 1, we

obtain that the exiuected number of vertices of S; that end up in G is at most 1. The

proof of the following lemma follows well known techniques (see for example [16]).
We present it for completeness. ) 1

Lemma 2.12. Let Xi, ..., X, be independent random Boolean variables, with
", E[X;] <1, where E[.] denotes expectation. Then Pr[} X;>1] <e tInt+t—1,

Proof. For any h > 0, using Markov’s inequality, and the independence of the
variables:

Pr{" Xi 2 ] = PretH LX) > )

<E [eh(‘“z Xi)] — Nt HE[thi]

If we denote p; = Pr{X; = 1] we obtain that E[e"¥%] =1+ p;(e” —1), and
In E[e"Xi] < pi(e? —1). Since Y.p; < 1, we have that Y InE[e"] < e? —1 and
11 Ele"X:]<e®" 1. Select h=1Int. ]

It follows that the probability that more than kn/Inkn vertices of S; get

selected is at most e~ *¥n(1=2(1)) | where 0(1)—0 as kn— oo.
Lemma 2.13. The number of maximal independent sets in G* is less than 3kn/3,

Proof. The number of maximal independent sets in G is at most 3%/3 [23]. Any
maximal independent set in G* is the direct product of k£ maximal independent sets
in G. 1

We conclude that the probability that the third property of Problem 2.10 does
pot hold is at most 357/3g=kn(1-0(1)) Byt since 31/3/e< 1, this probability tends
to 0 as n grows. _ |

‘We proved Theorem 2.11 by using a probabilistic argument. We sample vertices
of G* at random, with a certain well defined probability distribution. However, this



RANDOMIZED GRAPH PRODUCTS 85

probability distribution is hard to compute, unless P=NP. One may ask whether

using a uniform distribution over the vertices of G* would suffice. Unfortunately,
in general, the answer is negative. This can easily be seen by considering a graph G
which has a single clique of size x(G), and in which all other vertices are isolated.

However, in an important special case, we can select vertices of G* uniformly
at random. Recall that «(G) denotes the size of the maximum independent sef,
and that o(G)-x(G)>n.

Problem 2.14. Given a »jgraph G and an integer k, construct a graph é’k with the
following properties:

1. Gy, is a vertex induced subgraph of G*.

2. (n/a(G)*/2<|V(Gr)|<2(n/a(@))F.

3. a(Gy) <ka(G)lnn/Ina(G). Hence x(Gy)> [V(Gk)llna( )/ ka(G)lnn.
Corollary 2.15. For every graph G and positive integer k, selecting independently
and uniformly at random vertices of G*, each with probability a(G)"k, gives
induced subgraphs of G¥ that satisfy the requirements in Problem 2.14 with high
probability.

Proof. Similar to the proof of Theorem 2.11, using z; = a(G)_k, and observing

that the number of maximal independent sets in G is at most ne(G), [ |

3. The ¢ function

3.1. Definitions and preliminaries

There are many equivalent definitions of the ¢ function. We shall follow. a
_definition that was suggested in [17]. Our notion of vector cligue cover is derived
from: their notion of vector coloring, and we deal with the complements of the graphs
that they consider.

Definition 3.1. Given a graph G=(V,E) on n vertices, a vector k-clique cover of
G is an assignment of unit vectors u; from the space ™ to each vertex i€V, such
that for any two nonadjacent vertices i and j, the inner product of their vectors
satisfies the equality

1
k-1
Definition 3.2. For any graph G, 9(G) is the least k for which G admits a vector
k-clique cover.

ui’UJj = —

Remark. For the equivalence between the above definition and other definitions
used in [21], see [17].
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Observe that if we place k unit vectors such as to maximize the angle between

any two of them, their endpoints form the vertices of a simplex in %k’l, and
the inner product between any two such vectors is —1/(k —1). It follows that
HG) < (@), since the vertices of each clique of the minimal clique cover can be
identified with a particular unit vector to give a vector (G)-clique cover. Moreover,
a(G@) <H(Q), since the maximum angle between two vectors associated with vertices

of the maximum independent set can be at most cos™ ' (—1/(a(G) —1)).

We introduced the notion of inclusive graph products, denoted by G x H, in
Definition 2.1. For the purpose of the current section, it is more natural to use a
“complement” notion of graph products. We define the strong graph product G-H as
a graph with vertex set V(G-H) =V (G)xV(H), and edge set ([z,v],[z',y]) € E(G-H)
iff {(z,2') € E(G) or z =2} and {(y,y') € E(H) or y=1v'}. This definition is
extended in the obvious way to a k-fold graph product G'* of a graph with itself.

{The notation G* is used in order to distinguish between the current version of
graph products and the one of Definition 2.1.)

The following property is crucial for using the 9 function in the context of the
Shannon Capacity. (See proof in [21]).

Lemma 3.3. For every two graphs G and H,
WG - H) =HG) - 9(H)
Let w(G) denote the size of the maximum clique in G. Similar to Proposi-
tion 2.2 we have:
Proposition 3.4. For every two graphs G and H,
w(G@-H)=w(G) w(H)

Observe that in general, (G- H) may be strictly larger than a(G)-a(H). In

fact, the ¥ function was introduced in order to upper bound (oz(G'k))l/k. Denote

the complement of a graph G by G. We have that o(G-G) > n, since the vertices
(i,i) for 1<i<n form an independent set in G-G.

Corollary 3.5. For any graph G, %(G)-9(G) >n.

If G is a random graph, then the above corollary gives Lovasz’s proof that for
random graphs, H{G)/o{G)=0(/n/logn). '

3.2. A large gap

The following was proved in [17].
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Lemma 3.6. For some ¢ >0 there is an infinite family of graphs with $(G) <3 and
x(G)>nt.

To prove Theorem 1.2, we use a complementary version of Theorem 2.11. Let
X f(G) denote the fractional clique cover number of graph G (which is the fractional
chromatic number of G). Then by complementing the graphs in Problem 2.10 and
in Theorem 2.11, we have:
Proposition 3.7. For large enough n, given any graph G on n vertices and an integer

k, there is a graph C;’k with the following properties:
1. ék is a vertex induced subgraph of G'*.
2. Xf(G'k)/2£IV(ék)ISZXf(G‘k)-
A iy A In(k
3. w(Gr) < ity Hence %(Gr) 2|V (Gy)| 2fen.

We are now ready to prove Theorem 1.2.
Proof. Let G be a graph as constructed in Lemma 3.6. Lemma 2.5 implies that
X7(G) = n® (the extra logarithmic term is absorbed in the n¢, since we did not
specify €). Now apply Proposition 3.7. We obtain a graph G on roughly N =n¢*
vertices, and %(G) > N/kn > N1=¢/k for some ¢ > 0 (that depends on €). By
Lemma 3.3, 9(G'¥) < 3F. Any vector clique cover for G'* is also a vector clique
cover for its vertex induced subgraph G. Hence #(G) <9(G'*). Hence for any k we
have a graph G with 9(G) <3% and (@) > N1~¢/* which gives the gap between
and ¥ claimed in Theorem 1.2. For k=0(logn)=0(y/logN) the gap is largest.

By the results in [24], the above also implies a gap of n}=o(1) between HG)
and a(G). A more direct proof of this large gap follows from taking the complement
of the graph G. The graph G’ obtained in this process has N ~n¢* vertices, and
(G =w(G) <kn/In(kn) < N¢/k for some ¢ that depends on e. By Corollary 3.5,
it has ¥(G") > N/3*. Hence 6(G')>N1¢/1082(F") | for some ¢>0. ]

4. Discussion

Corollary 2.15 is only a special case of Theorem 2.11. However, this seems to
be the most useful special case. Often, the lower bounds that we know on x(G) are
in fact derived from known upper bounds on a(G), using the relation o(G)x(G) >n.
This was the case for the graphs of Lemma 3.6. This is also the case for the graphs
that are constructed by Lund and Yannakakis .[22], when proving that it is NP-
hard to approximate x(G) within a factor of nf, for some e. Based on the above
observations, we suggest other potential applications of Corollary 2.15.
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4.1. Hardness of approximating the chromatic number

Various kinds of graph products are used in order to strengthen hardness of
approximation results for certain graph properties. In fact, this was the intended
application of Linial and Vazirani [19]. The notion of randomized graph products
(for a type of graph products that is different from the one studied in the current
paper) was introduced by Berman and Schnitger [5], and applied in proving com-
putational hardness of approximation for (G) and w(G). Our Corollary 2.15 may
have applications in sharpening or simplifying known hardness results for approxi-
mating x(G). The following theorem shows a possible application of this corollary.

Theorem 4.1. Assume that it is NP-hard (under randomized reductions) to distin-
guish between graphs with a(G) <n'~¢ (and hence x(G) >n¢), and graphs with
x(G) < n1=9) | for some 0<§<1 and 0<c<1. Then for any ¢ >0, it is NP-hard

(under randomized reductions) to approximate x(G) within a factor of n®™¢.

Proof. Given an input graph G, it is NP hard to distinguish between «(G) <npl-e
and x(G) < ne(1=9), Apply Corollary 2.15 on G, with a postulated a(G) =nl"*.
We obtain a graph G’k on roughly n* vertices, which either has chromatic number

above n®*~1 or has chromatic number below n¢(1=)*_ The proof follows, for large

enough k. i1

In essence, Theorem 4.1 amplifies the “hard gap” from n¢, where ¢ < 1, to

n®~€, where ¢ >0 can be made arbitrarily small. The “gap location” moves from

n® to n'E.
The question of distinguishing between graphs of the above types (one with
no large independent set, the other with a small chromatic number) is known to be

NP-hard under randomized reductions for §~1/5 [4, 12].

4.2. Explicit constructions of Ramsey graphs

Consider the graphs constructed in [17], with 9(G) < 3 and w(G) < nf, for
some 8 < 1. By selecting k~logn in Corollary 2.15, we obtain a Ramsey graph with

nO(987) vertices and no clique or independent set of n vertices. The best explicit
construction known for such graphs has size only nOUogn/loglogn) (See Frapkl and
Wilson [11]. In fact, the constructions in [11] give the proof to Lemma 3.6.)
Open question. Is there an efficient deterministic construction of the graphs Gy
of Problem 2.147 More specifically, for 0 < § < 1, we need to construct a set
Sc{l,...,n}°8™ such that for some 0<e<1 and ¢>0:

1. |S|>nelogn,
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2. For any generalized cube C of size (n°)1°%8™ we have that

SNC| < n”.

3. S is efficiently constructable. That is, there is an O(ncl°8™) algorithm (or
better still, a Olog?n) space algorithm, or O(log®n) time algorithm) that
decides for any z€{1,...,n}!%8™ whether z€S.

A positive answer to this question would improve upon known explicit con-
structions of Ramsey graphs.

Recent developments. We sumnmarize here recent developments that shed new light
on the results of the current paper. Hastad showed [15] that for any € >0, there is no

polynomial time algorithm that can approximate «{G) within a ratio of n1—€ unless
NP has randomized polynomial time algorithms. This suggests that there may not
be any polynomial time computable function (the ¥ function being only one such

example) that approximates the size of the independent set within a ratio of n!—¢,

Feige and Kilian [10] showed a similar n!~¢ hardness result for approximating x(G).
The proof makes essential use of randomized graph products as in Corollary 2.15.

Acknowledgements. I thank Oded Schramm and Noga Alon for many valuable
discussions.
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